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ON THE HILBERT 2-CLASS FIELD TOWERS OF SOME
CYCLOTOMIC Z2-EXTENSIONS
MOHAMED MAHMOUD CHEMS-EDDIN, ABDELKADER ZEKHNINI,
AND ABDELMALEK AZIZI
Abstract. In this paper, we study the length of the 2-class field towers and
the structure of the Galois groups Gal(L(Kn)/Kn) of the maximal unramified
2-extensions of the layers Kn of the cyclotomic Z2-extension of some special
Dirichlet fields. The capitulation problem is investigated too.
1. Introduction
Let K be a number field and Cl2(K) its 2-class group, that is the 2-Sylow
subgroup of its class group in the wide sense. Let K(1) denote the Hilbert 2-class
field of K, that is the maximal abelian unramified (including the infinite primes)
extension of K whose degree is a power of 2. For any positive integer i ≥ 1, define
inductively K(i) as K(0) = K and K(i) is the Hilbert 2-class field of K(i−1). Then
the sequence of fields
K = K(0) ⊂ K(1) ⊂ K(2) ⊂ · · · ⊂ K(i) ⊂ · · ·
is called the 2-class field tower of K. If for all i ≥ 1, K(i) 6= K(i−1), the tower is
said to be infinite, otherwise the tower is said to be finite, and the minimal integer
i such that K(i) = K(i−1) is called the length of the tower. The determination of
the length of the 2-class field tower of K and the structure of the Galois groups of
the tower are until nowadays two classical and difficult open problems of class field
theory. Actually, there is no known decision procedure to determine whether or
not the 2-class field of an arbitrary number field K is finite. However, it is known
that if the rank of Cl2(K
(1)) ≤ 2, then by group theoretic means, the tower is
finite and its length is at most 3 (cf. [11, Theorem 1]). If the 2-class group of K
is of type (2, 2) (here (a1, ..., ar) denotes the direct sum of cyclic groups of order
ai, for i = 1, ..., r), then the Hilbert class field tower of such field terminates in at
most two steps and the Galois groups of the tower is characterized by means of
capitulation problem in the three unramified quadratic extension of K (cf. [24]).
If the 2-class group of K is of type (2, 2n), with n ≥ 2, the situation becomes
more difficult, and many authors treated it using the capitulation problem in the
unramified extensions of K for fields of low degree (eg. 2 or 4, cf. [5, 6, 7, 9, 10]).
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Our contribution in this paper is to determine the length of the 2-class field tower,
the structure of its Galois group and to study the capitulation problem for some
families of number fields of large degree over Q. The novelty in this procedure
is the combination of some tools from Iwasawa theory and the rank of some
unramified extensions.
Let d be an odd positive square-free integer. Consider the biquadratic number
field K = Q(
√
d, i). Denote by K∞ the cyclotomic Z2-extension of K, that is
a Galois extension of K whose Galois group is topologically isomorphic to the
2-adic ring Z2. It is well known that for any integer n ≥ 0, the field K∞ contains
a unique cyclic subfield Kn of degree 2
n over K called the n-th layer of the Z2-
extension of K. Denote by A(Kn) (or simply An) the 2-part of the ideal class
group of Kn and L(Kn) be the maximal unramified 2-extension over Kn. The
cyclotomic Z2-extension of K is given by the sequence Kn = Kn,d = Q(ζ2n+2 ,
√
d)
such that
K1,d = Q(ζ23 ,
√
d) ⊂ K2,d = Q(ζ24 ,
√
d) ⊂ · · · ⊂ Kn,d = Q(ζ2n+2 ,
√
d) · · ·
In this article, we are interested in giving, for n ≥ 1, the length of the 2-class field
tower of Kn, the structure of the Galois group Gal(L(Kn)/Kn) and the capitula-
tion of the 2-ideal classes of Kn in its three unramified quadratic extensions for
some fields K. Our main theorem is the following.
Theorem 1.1. Let d be a square-free integer and n ≥ 1 a positive integer. Let m
be such that 2m = h2(−2d) and Kn = Q(ζ2n+2 ,
√
d). Then we have
1. If d = q1q2, where qi ≡ 3 (mod 8) are two distinct primes, then Gal(L(Kn)/Kn) ≃
Z/2Z× Z/2n+m−2Z is abelian and L(Kn) = K(1)n .
2. If d = p, where p ≡ 9 (mod 16) is a prime such that (2
p
)4 = 1, then Gal(L(Kn)/Kn)
is Z/2Z × Z/2n+m−2Z or modular, and L(Kn) = K(1)n or K(2)n . In particular
for n = 1, Gal(L(Kn)/Kn) = Gal(K(1)1,d/K1,d) ≃ Z/2Z× Z/2m−1Z is abelian.
The proof of this theorem is detailed in the next sections. Therein one can find
results on unit groups, 2-class groups, computations of Iwasawa λ-invariant and
some corollaries.
Let k be a number field. Throughout this paper, we adopt the following nota-
tions.
⋆ q1, q2: Two primes congruent to 3 (mod 8),
⋆ k+: The maximal real subfield of k,
⋆ n: An integer ≥ 1,
⋆ kn: The n-th step of the Z2-extension of k,
⋆ λ(k): The Iwasawa λ2-invariant of k,
⋆ λ(k)−: The Iwasawa λ−2 -invariant of k,
⋆ Cl2(k): The 2-class group of k,
⋆ rank(Cl2(k)): The rank of 2-class group of k,
⋆ Kn,d: Q(ζ2n+2 ,
√
d),
ON THE HILBERT 2-CLASS FIELD TOWERS... 3
⋆ Fn: Q(ζ2n+2 ,
√
q1,
√
q2),
⋆ h(k): The class number of the field k,
⋆ h2(d): The 2-class number of the quadratic field Q(
√
d),
⋆ εd: The fundamental unit of the quadratic field Q(
√
d),
⋆ Ek: The unit group of k,
⋆ q(k) := [Ek :
∏
iEki ], with ki are the quadratic subfields of k,
⋆ Qk: The Hasse’s unit index, that is (Ek : Wkk
+), if k/k+ is CM,
⋆ FSU: A fundamental system of units,
⋆ NK/k: The norm map of an extension K/k,
⋆ e: Defined by (Ek : Ek ∩NK/k(K∗)) = 2e, for a 2-extension K/k.
2. Units and 2-class numbers of some multiquadratic fields
Let us first recall the result stated by Wada [30] to determine a fundamental
system of units of a multiquadratic number field. Let K0 be a multiquadratic
number field. Denote by σ and τ two different generators of the group Gal(K0/Q),
let thenK1,K2 andK3 be respectively the invariant subfields ofK0 by σ, τ and στ ,
and EKi the unit group of Ki. Then the unit group EK0 of K0 is generated by the
elements of each Ei and the square roots of elements of the product EK1EK2EK3
that are perfect squares in K0.
Put K = K0(i), then to determine a fundamental system of units of K, we will
use the following result (cf. [2, p. 18]) that the third author has deduced from a
theorem of Hasse [19, §21, Satz 15 ].
Lemma 2.1. Let K0 be a real number field, K = K0(i) a quadratic extension
of K0, n ≥ 2 be an integer and ξn a 2n-th primitive root of unity, then ξn =
1
2
(µn + λni), where µn =
√
2 + µn, λn =
√
2− µn−1, µ2 = 0, λ0 = 2 and µ3 =
λ3 =
√
2. Let n0 be the greatest integer such that ξn0 is contained in K, {ε1, ..., εr}
a fundamental system of units of K0 and ε a unit of K0 such that (2 + µn0)ε is a
square in K0(if it exists). Then a fundamental system of units of K is one of the
following systems:
1. {ε1, ..., εr−1,
√
ξn0ε} if ε exists, in this case ε = εj11 ...εj1r−1εr, where ji ∈ {0, 1}.
2. {ε1, ..., εr} elsewhere.
We will also need the following lemmas about units.
Lemma 2.2 ([1], Lemma 5). Let d > 1 be a square-free integer and εd = x+y
√
d,
where x, y are integers or semi-integers. If N(εd) = 1, then 2(x + 1), 2(x − 1),
2d(x+ 1) and 2d(x− 1) are not squares in Q.
Lemma 2.3 ([32]). Let d ≡ 1 (mod 4) be a positive square free integer and εd =
x+ y
√
d be the fundamental unit of Q(
√
d). Assume N(εd) = 1, then
1. x+ 1 and x− 1 are not squares in N, i.e., 2εd is not a square in Q(
√
d).
2. For all prime p dividing d, p(x+ 1) and p(x− 1) are not squares in N.
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Lemma 2.4. Let q1 ≡ q2 ≡ 3 (mod 8) be two primes such that
(
q1
q2
)
= 1.
1. Let x and y be two integers such that ε2q1q2 = x+ y
√
2q1q2. Then we have
a. (x− 1) is a square in N,
b.
√
2ε2q1q2 = y1 + y2
√
2q1q2 and 2 = −y21 + 2q1q2y22, for some integers y1 and
y2 such that y = y1y2.
2. There are two integers a and b such that εq1q2 = a+ b
√
q1q2 and we have
a. 2q1(a+ 1) is a square in N,
b. b is even,
√
εq1q2 = b1
√
q1 + b2
√
q2 and 1 = q1b
2
1 − q2b22 for some integers b1
and b2 such that b = 2b1b2.
3. Let c and d be two integers such that ε2qi = c+ d
√
2qi. Then we have
a. c− 1 is a square in N,
b.
√
2ε2qi = d1+d2
√
2qi and 2 = −d21+2qid22, for some integers d1 and d2 such
that d = d1d2.
4. Let α and β be two integers such that εqi = α + β
√
qi. Then we have
a. α− 1 is a square in N,
b.
√
2εqi = β1 + β2
√
qi and 2 = −β21 + qiβ22 , for some integers β1 and β2 such
that β = β1β2.
Proof. 1. It is known that N(ε2q1q2) = 1, so x
2 − 1 = y22q1q2, thus by the unique
factorization in Z and Lemma 2.2 we have
(1) :
{
x± 1 = 2q1y21
x∓ 1 = q2y22, (2) :
{
x± 1 = q1y21
x∓ 1 = 2q2y22, or (3) :
{
x± 1 = y21
x∓ 1 = 2q1q2y22,
For some integers y1 and y2 such that y = y1y2.
∗ System (1) can not occur. Indeed,
• if 2q1(x+1) is a square, then −1 =
(
q2
q1
)
=
(
x−1
q1
)
=
(
x+1−2
q1
)
=
(
−2
q1
)
= 1.
Which is absurd.
• similarly, if 2q1(x−1) is a square, then −1 =
(
2q1
q2
)
=
(
x−1
q2
)
=
(
x+1−2
q2
)
=(
−2
q2
)
= 1. Which is absurd too.
∗ We similarly eliminate the cases of system (2) and the system
{
x+ 1 = y21
x− 1 = 2q1q2y22.
Thus, the only possible case is
{
x− 1 = y21
x+ 1 = 2q1q2y
2
2.
Which implies that
√
2ε2q1q2 = y1 + y2
√
2q1q2 and 2 = −y21 + 2q1q2y22.
2. We have q1q2 ≡ 1 (mod 8), then there are two integers εq1q2 = (x+ y
√
d)/2.
As N(εq1q2) = 1, so x
2 − 4 = y2d, hence x2 − 4 ≡ y2 (mod 8). On the other
hand, if we suppose that x and y are odd, then x2 ≡ y2 ≡ 1 (mod 8), but this
implies the contradiction −3 ≡ 1 (mod 8). Thus x and y are even. It follows
that there are two integers a and b such that εq1q2 = a+ b
√
q1q2.
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As N(εq1q2) = 1. Then, by Lemma 2.3 we have
(1) :
{
a + 1 = 2q1b
2
1
a− 1 = 2q2b22, or (2) :
{
a− 1 = 2q1b21
a + 1 = 2q2b
2
2,
For some integers b1 and b2 such that b = 2b1b2. As above we show that{
a + 1 = 2q1b
2
1
a− 1 = 2q2b22. Thus,
√
εq1q2 = b1
√
q1 + b2
√
q2 and 1 = q1b
2
1 − q2b22.
3. As N(ε2qi) = 1. Then, using Lemma 2.2 and the same technique as above we
show that there are two integers d1 and d2 such that
{
c− 1 = d21
c + 1 = 2qid
2
2.
Thus,√
2ε2qi = d1 + d2
√
2qi and 2 = −d21 + 2qid22.
4. As N(εqi) = 1. Then, using Lemma 2.2 and the same technique as above we
show that there are two integers β1 and β2 such that
{
α− 1 = β21
α + 1 = qiβ
2
2 .
Thus,√
2εqi = β1 + β2
√
qi and 2 = −β21 + qiβ22 .

Let us now recall the following class number formula for a multiquadratic num-
ber field which is usually attributed to Kuroda [25], but it goes back to Herglotz
[20] (cf. [8, p. 27]).
Lemma 2.5. Let K be a multiquadratic number field of degree 2n, n ∈ N, and ki
the s = 2n − 1 quadratic subfields of K. Then
h(K) =
1
2v
[EK :
s∏
i=1
Eki]
s∏
i=1
h(ki),
with
v =
{
n(2n−1 − 1); if K is real,
(n− 1)(2n−2 − 1) + 2n−1 − 1 if K is imaginary.
To use the above lemma we need to recall the values of the class numbers of
some quadratic fields.
Lemma 2.6. Let q = q′ ≡ 3 (mod 4) be two primes. Then
1. By [14, Corollary 18.4], we have h2(q) = h2(−q) = h2(2q) = h2(2) = h2(−2) =
h2(−1) = h2(qq′) = 1.
2. If q ≡ 3 (mod 8), then by [14, Corollary 19.6], h2(−2q) = 2.
3. If q or q′ ≡ 3 (mod 8), then by [28, p. 345], h2(2qq′) = 2.
4. If q′ ≡ 3 (mod 8), with
(
q
q′
)
= 1, then by [28, p. 354], h2(−qq′) = 4.
Now we can state the following proposition.
Proposition 2.7. Let q1 ≡ q2 ≡ 3 (mod 8) be two different prime integers and
L = Q(
√
2,
√
q1,
√
q2). Then the unit group of L is
EL =
〈
−1, ε2,√εq1,
√
ε2q1,
√
εq2,
√
εq1q2,
√√
εq1
√
εq2
√
ε2q1q2,
√√
ε2q1
√
ε2q2
√
ε2q1q2
〉
,
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and its class number is odd.
Proof. Without loss of generality we may suppose that
(
q1
q2
)
= 1. Consider the
following diagram (Figure 1 below):
L = Q(
√
2,
√
q1,
√
q2)
OO ii
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙55
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
L1 = Q(
√
2,
√
q1)
ii
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
L2 = Q(
√
2,
√
q2)
OO
L3 = Q(
√
2,
√
q1q2)
55
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
Q(
√
2)
Figure 1. Subfields of L/Q(
√
2)
Put Gal(L/Q) = 〈σ1, σ2, σ3〉, where
σ1(
√
2) = −√2, σ2(√q1) = −√q1, σ3(√q2) = −√q2,
σi(
√
2) =
√
2 for i ∈ {2, 3}, σi(√q1) = √q1 for i ∈ {1, 3} and
σi(
√
q2) =
√
q2 for i ∈ {1, 2}.
Hence L1, L2 and L3 are the fixed fields of the subgroups of Gal(L/Q) generated
respectively by σ3, σ2 and σ2σ3. By Lemma 2.4, We have
1. A FSU of L1 is {ε2,√εq1,√ε2q1}.
2. A FSU of L2 is {ε2,√εq2,√ε2q2}.
3. A FSU of L3 is {ε2, εq1q2,√ε2q1q2}.
Thus
EL1EL2EL3 = 〈−1, ε2, εq1q2,
√
εq1,
√
ε2q1,
√
εq2,
√
ε2q2,
√
ε2q1q2〉. (1)
To find a fundamental system of units of L, it suffices, as we have said in the
beginning of the section, to find elements ξ of EL1EL2EL3 which are squares in L
(cf. page 3). According to Lemma 2.4, εq1q2 is a square in L, then it suffices find
ξ such that
ξ2 = εa2
√
εq1
b√ε2q1c
√
εq2
d√ε2q2e
√
ε2q1q2
f . (2)
where a, b, c, d, e and f ∈ {0, 1}. Let us eliminate some forms of ξ2 such that ξ can
not be in L. Consider L4 = Q(
√
q1,
√
q2), we will apply the norm NL/L4 = 1 + σ1
to the equation (2). For this, by using Lemma 2.4 we have the following table:
ε ε2
√
εq1
√
ε2q1
√
εq2
√
ε2q2
√
ε2q1q2
ε1+σ1 −1 −εq1 1 −εq2 1 1
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From which we deduce that
NL/L4(ξ
2) = NL/L4(ξ)
2 = (−1)a · (−1)b · εbq1 · 1 · (−1)d · εdq2 · 1 · 1,
= (−1)a+b+d · εbq1 · εdq2 > 0.
Thus, a+ b+ d = 0 (mod 2), and since by Lemma 2.4, εq1 and εq2 are not squares
in L4 whereas their product is, one deduces that b = d and a = 0. Therefore
ξ2 =
√
εq1
b√ε2q1c
√
εq2
b√ε2q2e
√
ε2q1q2
f .
Similarly, we will consider L3 = Q(
√
2,
√
q1q2) and apply the norm NL/L3 =
1 + σ2σ3. Firstly, we need the following computations:
ε ε2
√
εq1
√
ε2q1
√
εq2
√
ε2q2
√
ε2q1q2
ε1+σ2σ3 ε22 −1 −1 −1 −1 ε2q1q2
So
NL/L3(ξ
2) = (−1)b · (−1)c · (−1)b · (−1)e · εf2q1q2 ,
= (−1)b+c+b+e · εf2q1q2 > 0.
Thus all what we can deduce is that c = e. Hence
ξ2 =
√
εq1
b√ε2q1c
√
εq2
b√ε2q2c
√
ε2q1q2
f .
Similarly, we consider L5 = Q(
√
q1,
√
2q2) and we apply NL/L5 = 1 + σ1σ3. By
Lemma 2.4 we have
ε ε2
√
εq1
√
ε2q1
√
εq2
√
ε2q2
√
ε2q1q2
1 + σ1σ3 −1 −εq1 1 1 −ε2q2 −ε2q1q2
Then
NL/L5(ξ
2) = (−1)b · εbq1 · 1 · 1 · (−1)c · εc2q2 · (−1)f · εf2q1q2,
= (−1)b+c+f · εbq1 · εc2q2 · εf2q1q2 > 0.
Thus all what we can deduce is that b + c + f ≡ 0 (mod 2). Applying the norm
maps on all other subextensions of L we deduce no more information on b, c, e
and f . On the other hand, by Lemmas 2.5 and 2.6 we have
h2(L) =
1
29
q(L)h2(2)h2(q1)h2(2q1)h2(q2)h2(2q2)h(q1q2)h2(2q1q2)
=
1
29
· q(L) · 1 · 1 · 1 · 1 · 1 · 1 · 2 = 1
28
· q(L). (3)
If we Suppose that b = c = f = 0, then there is no element of EL1EL2EL3
which is a square in L except εq1q2. So q(L) = 2
6. Hence formula 3, implies that
h2(L) =
1
28
· 26 = 1
24
. Which is absurd. Thus the case b = c = f = 0 is impossible.
Hence ξ2 can take one of the following forms:
ξ21 =
√
εq1
√
εq2
√
ε2q1q2 (i.e., c = 0 and b = f = 1), (4)
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ξ22 =
√
ε2q1
√
ε2q2
√
ε2q1q2 (i.e., b = 0 and c = f = 1), (5)
ξ23 =
√
εq1
√
ε2q1
√
εq2
√
ε2q2 (i.e., f = 0 and c = b = 1). (6)
Remark that by the equations (1) and (3) at least two equations from (4), (5)
and (6) are verified for some ξ ∈ L (elsewhere, we get a contradiction as for the
case b = c = f = 0). Remark also that if two of the forms in the equations (4),
(5) and (6), are verified for some ξi and ξj ∈ L (i 6= j), then by their product we
may deduce that the third form is also verified for some ξk ∈ L. So the result. 
We close this section by the following result on class numbers of some number
fields.
Lemma 2.8. Let q1 ≡ q2 ≡ 3 (mod 8) be two primes. Then :
1. The class numbers of F = Q(
√
q1,
√
q2, i) and F
+ = Q(
√
q1,
√
q2) are odd.
2. The 2-class number of K = Q(
√−q1,√q2,
√
2) equals h2(−2q1q2).
Proof. 1. Note first that by Lemma 2.4, we have
√
2εq1,
√
2εq2 ∈ F+, so√εq1εq2 ∈
F+ and
√
εqi 6∈ F+. Thus a fundamental system of unit of F+ is {εq1,√εq1εq2,√εq1q2}
and that of F is {√εq1εq2,√εq1q2 ,
√
iεq1} (see Lemma 2.1). Therefore, q(F ) =
23. Thus by Lemmas 2.5 and 2.6 we obtain
h2(F ) =
1
25
q(F )h2(q1)h2(q2)h2(−q1)h2(−q2)h2(q1q2)h2(−q1q2)h2(−1),
=
1
25
q(F ) · 1 · 1 · 1 · 1 · 1 · 4 · 1 = 1.
We similarly prove that the 2-class number of F+, is odd. Hence the first
assertion of the lemma.
2. Set K = Q(
√−q1,√q2,
√
2). By Lemma 2.4, we have {ε2,√εq2,√ε2q2} is a
fundamental unit of K+ = Q(
√
q2,
√
2). One can check easily that q1ε is not a
square in K+, for all ε ∈ {εi2√εq1j√ε2q2k, with i, j and k ∈ {0, 1}}. It follows
by [2, Proposition 3], that QK = 1. Thus q(K) = 4. So using Lemmas 2.5 and
2.6 we get
h2(K) =
1
25
q(K)h2(−q1)h2(q2)h2(−2q1)h2(2q2)h2(−q1q2)h2(−2q1q2)h2(2)
= 1
25
· 4 · 1 · 1 · 2 · 1 · 4 · h2(−2q1q2) · 1,
= h2(−2q1q2).
Which completes the proof. 
3. Some Iwasawa theory results
LetK be a number field and p a prime number. Denote byK∞ a Zp-extension of
K, that is a Galois extension of K whose Galois group is topologically isomorphic
to the p-adic ring Zp. For any integer n ≥ 0, the field K∞ contains a unique
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cyclic subfield Kn of degree p
n over K called the n-th layer of the Zp-extension
of K. In [22], Iwasawa proved that for n sufficiently large, the highest power of p
dividing the class number of Kn is p
λpn+µppn+νp for some integers λp, µp ≥ 0 and
νp, all independent of n, called the Iwasawa invariants of K∞. Later, for abelian
number fields, Ferrero and Washington proved that µp = 0 (cf. [15]). Denote
by Ap(Kn) (or simply An) the p-Sylow subgroup of the ideal class group of Kn,
and by L(K∞) (resp. L(Kn)) the Hilbert p-class field of K∞ (resp. Kn), then
X = Gal(L(K∞)/K∞) = lim
←−
Ap(Kn) is a module over the formal power series
ring Λ = Zp[[T ]] (here the action of 1 + T is defined by an inner automorphism
induced from a fixed topological generator of G(K∞/K)). For m ≥ n ≥ 0, put
ωn = (1 + T )
pn − 1 ∈ Λ, and νm,n = ωm/ωn ∈ Λ.
For p = 2, the tower
K ⊂ K1 = K(
√
2) ⊂ K2 = K(
√
2 +
√
2) ⊂ · · ·
defines a Z2-extension called the cyclotomic Z2-extension of K of layers Ki. We
need the following lemmas.
Lemma 3.1 ([12]). Let n ≥ 1 and q a prime such that q ≡ 3 (mod 8). Then q
decomposes into the product of 2 prime ideals of Kn = Q(ζ2n+2) while it is inert
in K+n .
Lemma 3.2 ([12]). Let q be prime such that q ≡ 3 (mod 8). Then the class
number of Q(ζ2n+2 ,
√
q) is odd.
Let rank2(G) denote the 2-rank of a group G.
Lemma 3.3 ([16]). Let K/k be a Z2-extension, kn its n-th layer and n0 an integer
such that any prime of K which is ramified in K/k is totally ramified in K/kn0.
If there exists an integer n ≥ n0 such that rank2(Cl(kn)) = rank2(Cl(kn+1)), then
rank2(Cl(km)) = rank2(Cl(kn)) for all m ≥ n.
Lemma 3.4. [23] Let K and F be CM-fields and F/K a finite 2-extension.
Assume that µ−(K) = 0, then µ−(F ) = 0 and
λ−(F )− δ(F ) = [F∞ : K∞]
(
λ−(K)− δ(K))+∑(eβ − 1)−∑(eβ+ − 1),
where δ(k) = 1 or 0 according to whether K∞ contains the fourth roots of unity
or not, eβ is the ramification index of a prime β in F∞/K∞ coprime to 2 and eβ+
is the ramification index of a prime coprime to 2 in F+
∞
/K+
∞
.
The following proposition gives the structure of the p-class groups of the layers of
the Zp-extension of some fields K.
Proposition 3.5. Let K/Q be an abelian extension such that h(K) is odd, the
p-class group of K1 is cyclic and λp(K) = 1. If every prime ramified in K∞/K is
totally ramified, then the p-class group of Kn is cyclic for all n ≥ 1.
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Proof. For An, the 2-class group of Kn, we know that X = lim
←−
An, then there
exists a submodule Y ⊂ X such that An = X/νn,0Y . As A0 is trivial we see that
X = Y . Let E be the elementary Λ-module associated to X. As E is isomorphic
to Zp we can assume that X → E is surjective. The kernel is by definition
the maximal finite submodule F of X. As A1 is cyclic and maps surjectively to
E/ν1,0E we see that F ⊂ ν1,0X. Let a = ν1,0b ∈ F for some b /∈ F . Let e be the
image of b in E. Then ν1,0e = 0. Hence ν1,0 lies in the annihilator of E. As K∞/K
is totally ramified the annihilator of E is coprime to all νn,0 and in particular to
ν1,0 (cf. [31, p. 283]). It follows that there is no finite submodule and X is in fact
isomorphic to E. In particular, it is cyclic as Zp-module and hence An is cyclic
for all n. 
Lemma 3.6. Let q1 ≡ q2 ≡ 3 (mod 8) be two primes and n ≥ 1. Let Fn =
Q(ζ2n+2 ,
√
q1,
√
q2). Then we have
1. λ(F ) = 1, where F = Q(
√
q1,
√
q2, i).
2. The class numbers of the layers of the Z2-extension of F
+ = Q(
√
q1,
√
q2) are
odd.
3. For all n ≥ 1, the 2-class group of Fn is cyclic non trivial.
Proof. Without loss of generality we may assume that q1 and q2 satisfy the con-
dition
(
q1
q2
)
= 1. Set k = Q(
√
q1, i). Let us firstly prove that the 2-class group
of F1 is cyclic non trivial. It is easy to see that there are exactly two primes of
F that ramify in F1. Since, by Lemma 2.8, the class number of F is odd, so by
ambiguous class number formula (cf. [26]) rank(Cl2(F1)) = 2 − 1 − e = 1 − e,
where e is defined by [EF : EF ∩NF1/F (F1)] = 2e. Then the 2-class group of F1 is
trivial or cyclic non-trivial.
Since
(
q1
q2
)
= 1, then q2 decomposes into the product of 2 primes of Q(
√
q1).
So by Lemma 3.1, q2 decomposes into the product of 4 primes in kn(
√
q1) while it
decomposes into 2 primes in k+n (
√
q1). Since [F∞ : k∞] = 2, then by Lemma 3.4,
we have
λ−(F )− 1 = 2 · (0− 1) + 4− 2, and thus λ−(F ) = 1.
Assume that the 2-class group of F1 is trivial. Note that the layers of the
cyclotomic Z2-extension of F are given by Fn = Q(ζ2n+2 ,
√
q1,
√
q2). Then by
Lemma 3.3, the 2-class group of Fn is trivial for all n ≥ 1. Thus λ(F0) = 0,
which contradicts the fact that λ−(F ) = 1. Thus the 2-class group of F1 is cyclic
non-trivial. By Lemma 2.8 and Proposition 2.7, the class numbers of F+ and F+1
are odd, so by Lemma 3.3 the class number of F+n is odd for all n ≥ 1. Therefore
λ(F ) = 1. Hence Proposition 3.5 completes the proof. 
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4. Proof of the main Theorem
Let us quote the last ingredients needed to prove the main theorem.
Lemma 4.1 ([21]). Let K/k be a quadratic extension and µ ∈ k prime to 2 such
that K = k(
√
µ). The extension K/k is unramified at finite primes if and only if
µ verify the following properties:
1. The principal ideal generated by µ is a square of a fractional ideal of k.
2. There exists ξ ∈ k such that µ ≡ ξ2 (mod 4).
Proof of Theorem 1.1 . We know, by [13], that the 2-class group of Kn,d is
isomorphic to Z/2Z × Z/2n+m−2Z, whenever d takes one of the forms appearing
in Theorem 1.1. Let us start by proving the first item.
1. Note that Fn is the genus field of Kn,d, [Fn : Kn,d] = 2 and its 2-class group
is cyclic, then by class field theory the first Hilbert 2-class field F
(1)
n of Fn
coincides with the second Hilbert 2-class field K
(2)
n,d of Kn,d.
To this end, we claim that K
(1)
n,d = F
(1)
n = K
(2)
n,d. To prove this it suffices then
to prove that h2(Fn) =
h2(Kn,d)
2
= 2n+m−2.
Note that by Lemma 3.6, An, the 2-class group of Fn is cyclic and that λ = 1.
Therefore, the Λ-module A∞ = lim
←−
(An) is isomorphic to its elementary module.
Since every prime which ramify in F∞/F is totally ramified, then according to
[31, pp. 282-283], one gets νn,0A∞ = 2νn,0A∞ for all n ≥ 1. Hence,
|An| = |A∞/νn,0A∞| = |A∞/2n−1A∞||A∞/ν1,0A∞| = 2n+s,
for n ≥ 1 and some constant s ≥ 0. Hence the Iwasawa formula holds for all
n ≥ 1, from which we infer that h2(F1) = 21+s. It follows, by Lemmas 2.5 and
2.6 that
h2(F1) =
1
216
q(F1)h2(q1)h2(−q1)h2(q2)h2(−q2)h2(2q1)h2(−2q1)h2(2q2)
h2(−2q2)h2(q1q2)h2(−q1q2)h2(2q1q2)h2(−2q1q2)h2(2)h2(−2)h2(−1)
= 1
216
· q(F1) · 1 · 1 · 1 · 1 · 1 · 2 · 1 · 2 · 1 · 4 · 2 · h2(−2q1q2) · 1 · 1 · 1,
= 1
211
q(F1)h2(−2q1q2).
We have to compute q(F1), i.e., QF1. Note that QF1 must be 2, for if QF1 = 1,
then by Proposition 2.7, q(F1) = 2
9. So h2(F1) =
1
4
h2(−2q1q2). Considering the
field K = Q(
√−q1,√q2,
√
2), since F1/K is an unramified quadratic extension,
then h2(F1) ≥ 12h2(K), and thus by Lemma 2.8, we get h2(F1) ≥ 12h2(−2q1q2).
So we have a contradiction. Hence QF1 = 2, and so by Lemma 2.1 and Propo-
sition 2.7, q(F1) = 2
10. Therefore, h2(F1) =
h2(K1,d)
2
= 21+m−2 = 21+s, this in
turn implies, using Iwasawa formula, that h2(Fn) = 2
n+m−2 =
h2(Kn,d)
2
. Hence
our claim comes by Lemma 4.4. Therefore the first item of the main theorem.
2. Now assume that we are in the conditions of the second item of the main
theorem. Put K ′n = Q(ζ2n+2), p = a
2 + 16b2 = e2 − 32f 2 and π′1 = a + 4bi,
π′′1 = a− 4bi, π′2 = e+ 4f
√
2 and π′′2 = e− 4f
√
2.
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So p = π′rπ
′′
r , for r ∈ {1, 2}. Note that by [4, Proposition 1], p splits into
4 ideals of K ′n. Thus, there are exactly 2 primes of K
′
n above π
′
r (resp. π
′′
r ).
Note also that by [4, Lemma 6], we have the following norm residue symbols(
ζ
2n+2
,p
pK′n
)
= −1 =
(
ζ
2n+2
,pi′rpi
′′
r
pK′n
)
. So choose πr ∈ {π′r, π′′r} such that
(
ζ
2n+2
,pir
pK′n
)
=
−1, where pK ′n is a prime ideal of K ′n above πr.
Since the primes of K ′n that ramify in Kn,p are exactly the divisors of p in
K ′n, then the ideals of Kn,p generated by π1 and π2 are squares of ideals of Kn,p.
As a ≡ e ≡ ±1 ≡ i2 (mod 4), since they are odd. It follows that the equations
πr ≡ ξ2 (mod 4), r = 1 or 2, have solutions. Therefore, By Lemma 4.1,
Ln,1 = Kn,p(
√
π1) and Ln,2 = Kn,p(
√
π2) are two distinct unramified quadratic
extensions of Kn,p.
Let us now show that the 2-class groups of K1 and K2 are cyclic. Put
kn,r = Q(ζ2n+2 ,
√
πr). By the ambiguous class number formula (cf. [26]) applied
on the extension kn,r/K
′
n, we have rank(Cl2(kn,r)) = 2 − 1 − e = 1− e. Since(
ζ
2n+2
,pir
pK′n
)
= −1, then e 6= 0. Hence rank(Cl2(kn,r)) = 0. So the class number
of kn,r is odd. Then again by the ambiguous class number formula (cf. [26])
applied on the extension Ln,r/kn,r, we have rank(Cl2(Ln,i)) = 2−1−e = 1−e.
Thus Cl2(Ln,r), is either trivial or cyclic non trivial, but since Cl2(Kn,p) is of
type (2, 22
n+m−2
) and Ln,r/Kn,p is an unramified quadratic extension, we infer
that Cl2(Ln,r), can not be trivial. Hence Cl2(Ln,r) is cyclic. It follows that the
second 2-class group of Kn,p is abelian or modular (cf. [18, Theorem 12.5.1]).
Assume now that n = 1, we use the fact that K1,p is the genus field of
Q(
√
2p, i). As, by [5, Théorème 5], the second 2-class group of Q(
√
2p, i) is
abelian, then by class field theory the second 2-class group of K1,p is abelian
too. Which completes the proof of the main Theorem.

Remark 4.2. Keep the notations of the second part of the above proof. Then
Ln,r, with r = 1 or 2, are two unramified quadratic extensions of Kn,p, for which
the 2-class groups are cyclic.
Remark 4.3. Let d be in one of the forms appearing in Theorem 1.1. Since by
[29, Proposition 2], the 2-class group of K0,d := K = Q(
√
d, i) is cyclic, then the
2-class field tower of K0,d terminates at the first layer.
Let us recall the following lemma:
Lemma 4.4 ([9]). Let k be a number field such that Cl2(k) ≃ (2m, 2n) for some
positive integers m and n. If there is an unramified quadratic extension of k with
2-class number 2m+n−1, then all three unramified quadratic extensions of k have
2-class number 2m+n−1, and the 2-class field tower of k terminates at k(1).
Conversely, if the 2-class field tower of k terminates at k(1), then all three
unramified quadratic extensions of k have 2-class number 2m+n−1.
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By the above Lemma 4.4 and [10] (or [7]) we have:
Corollary 4.5. Let d be a positive square-free integer and m such that h2(−2d) =
2m.
1. If d = q1q1, where q1 and q2 are two primes congruent to 3 (mod 8), then for
all n ≥ 1 the class numbers of the three unramified quadratic extensions of Kn,d
equal h2(Fn) = 2
n+m−2. Furthermore, there are exactly 4 classes of the 2-class
of Kn,d which capitulate in the three unramified quadratic extensions of Kn,d.
2. a. If d = p, where p is a prime congruent to 9 (mod 16) such that (2
p
)4 = 1,
then the class numbers of the three unramified quadratic extensions of K1,d
equal 2m−1. Furthermore, there are exactly 4 classes of the 2-class of K1,d
which capitulate in the three unramified quadratic extensions of K1,d.
b. If d = p, where p is a prime congruent to 9 (mod 16) such that (2
p
)4 = 1,
then for n ≥ 2, there are exactly 2 or 4 classes of the 2-class of Kn,d which
capitulate in each of the three unramified quadratic extensions of Kn,d.
Corollary 4.6. Let q1 ≡ q2 ≡ 3 (mod 8) be two primes. Then we have
Cl2(Fn) ≃ Z/2n+m−2Z,
for all n ≥ 1.
Remark 4.7. Let d be a square-free integer such that the 2-class group of K1,d =
Q(
√
d,
√
2,
√−1) is of type (2, 4). Then by Theorem 1.1 and [3] the second 2-class
group of K1,d is abelian.
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